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Abstract
The classical and quantum aspects of the Schwinger model on the torus are
considered. First we find explicitly all zero modes of the Dirac operator in the
topological sectors with nontrivial Chern index and its spectrum. In the second part
we determine the regularized effective action and discuss the propagators related to
it.
Finally we calculate the gauge invariant averages of the fermion bilinears and
correlation functions of currents and densities. We show that in the infinite vol-
ume limit the well-known result for the chiral condensate can be obtained and the
clustering property can be established.
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Introduction
The Schwinger Model (SM) [1] or quantum electrodynamics with massless fermions in
two-dimensional space-time is one of the exactly solvable models of quantum field theory
(QFT). This was shown some time ago by using operator methods [2] and the path integral
approach [3]1. The SM usually serves for the illustration of such phenomena in particle
physics as: spontaneous breakdown of local gauge symmetry through axial anomaly [4],
mass generation, charge screening [5] and quark confinement, vacuum structure and the
realization of gauge transformations [3],[6].
Most of the mathematical problems of QFT, related to these phenomena can be treated
more exactly and rigorously in a compactified version of Euclidean space-time, where the
spectrum of the Dirac operator becomes exact, and a precise definition of topological sec-
tors together with corresponding zero modes can be given2. Such compactification in the
SM on the manifold without boundary was considered for the first time by C. Jayewardena
[7], who used two-dimensional sphere as a compact Euclidean space-time.
In this work we present the detailed calculations concerning classical and quantum
aspects of the SM on the torus.
Compactification on the torus (T ) is much better than the compactification on the
sphere because it allows to find finite temperature (size) effects and is appropriate to
the systematic analysis of the lattice approximation on which the numerical calculations
are performed (on the lattice, usually periodic (torus) boundary conditions are consid-
ered). Moreover, from the results obtained for this model one can extract the information
concerning the SM on a cylinder, which also has attracted attention recently [8].
We show that the torus compactification on the SM, as in the case of sphere compact-
ification, does not destroy the solvability of the model.
The SM on the symmetric torus (where the lengths of both circumferences are equal)
has been considered in [9] and the SM with Dirac-Ka¨hler fermions (the geometric SM,
which is equivalent to the SM with two flavors) on the torus was investigated in [10] and
[11]. I.Sachs and A.Wipf [12] discussed the role of the zero modes in the SM on the
torus, derived some relevant Green’s functions and found the analytic form of the chiral
condensate.
Finite temperature SM has been considered in [13].
1The discussion of the SM are so numerous that it is not possible to refer to all of them.
2Notice that technically compactification allows to avoid the infrared divergences, which sometimes
plague the analysis of two-dimensional gauge theories.
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The paper is organized as follows.
The first part contains the definition of the model and the discussion of some pecu-
liarities due to the fact that it is defined on the compact space-time. We find the general
expression for the normalized zero modes of the Dirac operator in the sector with any
topological charge. Then we calculate the spectrum of this operator and the corresponding
eigenfunctions.
In the second part we discuss the general path integral formula which can be used for
the calculation of the quantum mechanical vacuum expectation values of observables in
the case where zero modes are present. The rest of this part is devoted to the calculation
of the regularized effective action and the propagators related to it.
In the third part we consider the objects of physical significance, i.e. the expectation
values of various operators.
We calculate separately the contributions to them from different topological sectors.
Taking the infinite volume limit we obtain the well-known result for the chiral condensate
and establish the clustering property.
In the appendices the details of the derivations of some important formulas used in
the main text are presented.
1 Classical theory
1.1 The action
S =
∫
T =S1×S′1
d2x
{
1
2
F 212(x) + ψ¯(x)γµ(∂µ − ieAµ)ψ(x)
}
, (1.1)
where 0 ≤ xµ ≤ Lµ, µ = 1, 2, L1 and L2 are lengths of the large and small circumferences
of the torus, respectively, and the field strength F12(x) = ∂1A2(x)− ∂2A1(x).
Our γ -matrices satisfy:{γµ, γν} = 2δµν , γ1γ2 = iγ5, γ†µ = γµ, which implies in two
dimensions γµγ5 = −iǫµνγν, where ǫ12 = −ǫ21 = 1.
The geometry of fields on the torus requires certain periodicity conditions:
ψ(x+ Lν νˆ) = Λν(x)ψ(x), (1.2a)
ψ¯(x+ Lν νˆ) = ψ¯(x)Λ
−1
ν (x), (1.2b)
Aµ(x+ Lν νˆ) = Aµ(x)− i
e
Λ−1ν (x)∂µΛν(x), (1.3)
where νˆ is a unit vector in νth direction. The transition functions Λν(x) satisfy the cocycle
condition
Λµ(x)Λν(x+ Lµµˆ) = Λν(x)Λµ(x+ Lν νˆ). (1.4)
It is well-known [14] that under these requirements the gauge field configurations fall
into classes CH(k) (topological sectors, Chern classes) characterized by the Pontriyagin
(Chern) index (topological charge, topological quantum number, winding number)
k =
e
2π
∫
T
F12d
2x, k = 0,±1,±2, · · · (1.5)
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As a special representative we choose a field with a constant field strength:
Fµν = Bǫµν =
2πk
eL1L2
ǫµν . (1.6)
In the Lorentz gauge a corresponding potential is
C(k)µ (x) = −
B
2
ǫµνxν = − πk
eL1L2
ǫµνxν . (1.7)
In the axial gauge ∂1Aµ(x) = 0 we may choose the representative
C˜(k)µ (x) =
{ − 2pik
eL1L2
x2, for µ = 1
0, for µ = 2.
In this case
F˜
(k)
12 = ∂1C˜
(k)
2 (x)− ∂2C˜(k)1 (x) =
2π
e
k
L1L2
and we see that again
e
2π
∫
T
F˜12d
2x = k.
The periodicity condition is
C˜(k)µ (x+ Lν νˆ) = C˜
(k)
µ (x)−
i
e
Λ−1ν (x)∂µΛν(x),
where
Λν(x) =
{
1, for ν = 1
e
−2piik x1
L1 , for ν = 2.
The relation to the Lorentz gauge is
C(k)µ (x) = C˜
(k)
µ (x)−
i
e
E−1(x)∂µE(x),
where
E(x) = e
ipik
x1x2
L1L2 .
In what follows we will work in the Lorentz gauge.
In the topological sector A(k) a general gauge potential has the form
A(k)µ (x) = A
(0)
µ + C
(k)
µ (x), (1.8)
A(0)µ (x) is a single valued ‘continuous’ function on T . Thus we may apply the Hodge
decomposition theorem [14]
A(0)µ (x) = ∂µa(x) + tµ + ǫµν∂νb(x), (1.9)
where ∂µa(x) is a ‘pure gauge’, tµ is a (constant) toron field restricted to 0 ≤ tµ < 2π/eLµ,
ǫµν∂νb(x) is a curl and a(x) and b(x) are continuous on T and orthogonal to the constant,∫
T a(x)d
2x =
∫
T b(x)d
2x = 0.
The toron field is a gauge invariant up to large gauge transformations, when Λ(x) =
exp
{
2πi
(
m1
x1
L1
+m2
x2
L2
)}
, and mµ is integer: tµ
Λ→tµ + 2pieLµmµ, in this case a(x)
Λ→a(x)
and b(x)
Λ→b(x). Under small gauge transformations Λ(x) = eiλ(x), a(x) Λ→a(x) + 1
e
λ(x),
b(x)
Λ→b(x), tµ Λ→tµ.
4
1.2 Dirac equation (DE)
Dχ(x) ≡ γµ(∂µ − ieAµ)χ(x) = 0, (1.10)
where
χ(x) =
(
χ1(x)
χ2(x)
)
is a two-component complex spinor.
Formally the solution of DE (1.10) with the potential (1.8), (1.9) is
χ(x) = e
ie[a(x)+tµxµ−iγ5(b(x)− pik2eL1L2 x
2)] 0χ(x) (1.11)
and 0χ(x) satisfies the free DE
γµ∂
0
µχ(x) = 0. (1.12)
The main problem is to find such 0χ(x)′s, which satisfy the periodicity condition (1.2) for
χ(x).
In the future we will consider also the operator
D0 = D|a=b=0 = γµ(∂µ − ie(tµ + C(k)µ (x))). (1.13)
Then
χˆi(x) = e
eγ5b(x)+iea(x)χi(x),
where χˆi(χi) is a zero mode of the D(D0) operator.
1.3 General remarks
The operator iD is the Hermitian operator in the space of two - component spinors, with
a scalar product
(ψ, χ) =
∫
T
d2xψ¯(x)χ(x).
It is an elliptic operator on the compact manifold T and its spectrum is discrete.
{ψν}(ν = 1, 2, · · ·) is a set of independent eigenfunctions of the iD with positive eigen-
values Eν . Since iD anticommutes with γ5, {γ5ψν}(ν = 1, 2, · · ·) is a set of independent
eigenfunctions of the iD with eigenvalues −Eν . Denoting ψ−ν = γ5ψν and E−ν = −Eν
we have, that {ψν}, ν = ±1,±2, · · · is a complete set of the eigenfunctions of iD. Again,
since {D, γ5} = 0, we can choose zero modes to have a definite chirality.
The Index theorem. Each zero mode χi(x) has a definite chirality γ5χi = ±χi and
a number of the zero modes n = n+ + n−[n+(n−) is a number of the zero modes with a
positive (negative) chirality] satisfies the following rule
n+ = k, n− = 0, if k ≥ 0,
n+ = 0, n− = |k|, if k ≤ 0.
In the trivial sector (k = 0) there are no zero modes [15].
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1.4 The zero modes of the D0 operator in the nontrivial sector
Let us introduce the complex (dimensionless) variables
z =
x1 + ix2
L1
, z¯ =
x1 − ix2
L1
. (1.14)
Then
∂1 =
1
L1
(∂z + ∂z¯), ∂2 =
i
L1
(∂z − ∂z¯), (1.15)
and the free Dirac equation (1.12) has the following form
2
(
0 ∂z
∂z¯ 0
)(
0χ1(z, z¯)
0χ2(z, z¯)
)
= 0. (1.16)
From this equation we see that
0χ1(z, z¯) =
0χ1(z), (1.17a)
0χ2(z, z¯) =
0χ2(z¯). (1.17b)
The vector-potential is chosen as follows
Aµ(x) = tµ + C
(k)
µ (x) = tµ −
πk
eL1L2
εµνxν , (1.18)
and in accordance with the general solution (1.11) we get
χ1(z, z¯) = e
i e
2
L1(t−z+t+z¯)−pi2 k
|z|2
|τ | 0χ1(z), (1.19a)
χ2(z, z¯) = e
i e
2
L1(t−z+t+z¯)+
pi
2
k
|z|2
|τ | 0χ2(z¯), (1.19b)
where χ1(z, z¯) and χ2(z, z¯) are the components of the spinor
χ(z, z¯) =
(
χ1(z, z¯)
χ2(z, z¯)
)
, (1.20)
which is the solution of the equation
D0χ(z, z¯) = 0, (1.21)
t± = t1 ± it2.
Using the expression (1.18) and taking into account (1.2) we get the periodicity con-
ditions for the function χ(z, z¯), τ = iL2
L1
χ(z + 1, z¯ + 1) = e
pik
2|τ |
(z−z¯)
χ(z, z¯), (1.22a)
χ(z + τ, z¯ + τ¯ ) = e−i
pik
2
(z+z¯)χ(z, z¯). (1.22b)
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Then from (1.19) and (1.22) it follows that 0χ1(z) and
0χ2(z¯) have the following period-
icity properties (for simplicity we put L1 = 1):
0χ1(z + 1) = e
pikz
|τ |
+ pik
2|τ |
− ie
2
(t++t−) 0χ1(z), (1.23a)
0χ1(z + τ) = e
−ipikz+pi
2
k|τ |− e|τ |
2
(t+−t−) 0χ1(z), (1.23b)
0χ2(z¯ + 1) = e
−pikz¯
|τ |
− pik
2|τ |
− ie
2
(t++t−) 0χ2(z¯), (1.24a)
0χ2(z¯ + τ¯ ) = e
−ipikz¯−pi
2
k|τ |− e|τ |
2
(t+−t−) 0χ2(z¯). (1.24b)
For k ≥ 1 we shall use the following ansatz
0χ1(z) ∼ eαz2+βzϑ3(kz + γ | kτ), (1.25)
where ϑ3(z | τ) is the Jacobi’s theta function [16] and α, β and γ are constants to be
found from (1.23) and (1.24). From (1.25)
0χ1(z + 1) ∼ eβ+2αz+α 0χ1(z) (1.26a)
and
0χ1(z + τ) ∼ e2zτα+ατ2+βτ−ipi(2kz+2γ+kτ) 0χ1(z). (1.26b)
Comparing (1.26) with (1.23), we have
α + β =
πk
2|τ | −
ie
2
(t+ + t−) + 2πin, (1.27)
2α =
πk
|τ | , (1.28)
ατ 2 + βτ − iπ(2γ + kτ) = π
2
k|τ | − e|τ |
2
(t+ − t−) + 2πim, (1.29)
where n and m are arbitrary integers.
Then
α =
πk
2|τ | , (1.30)
β = −ie
2
(t+ + t−) + 2πin (1.31)
and
γ = nτ − iet+
2π
|τ | −m. (1.32)
Since ϑ3(z + 1 | τ) = ϑ3(z | τ), we get the following expression for k zero modes of the
free Dirac equation in the sector with the topological charge k ≥ 1 (in accordance with
the Index theorem) up to a normalization factor
0χ
(n)
1 (z) = e
pik
2|τ |
z2− ie
2
(t++t−)z+2piinzϑ3
(
kz − iet+
2π
|τ |+ nτ
∣∣∣∣ kτ
)
, (1.33)
n = 0, 1, · · · , k − 1.
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Reconstructing L1 and introducing the normalization factor 1/N(n) we obtain from
(1.19a) and (1.20)
χ(n)(z, z¯) =
1
N(n) e
i e
2
xµtµ+
pik
2|τ |
(z′2−z′z¯′)+2piinz′ϑ3(kz′ + nτ | kτ)
(
1
0
)
, (1.34)
where
z′ =
1
L1
(x1 + ix2)− ieL1|τ |
2πk
t+. (1.35)
From the definition of the ϑ3 function it follows that χ
(n)(z, z¯)′s for different values of n
are orthogonal ∫ L1
0
∫ L2
0
χ¯(n1)(z, z¯)χ(n2)(z, z¯)dx1dx2 = 0, (1.36)
if n1 6= n2, and in order to get the normalized zero modes one should find the normalization
factor 1/N(n).
For the product χ¯(n)(z, z¯)χ(n)(z, z¯) we have from (1.34)
χ¯(n)(z, z¯)χ(n)(z, z¯) =
1
N 2(n)
e
− 2piY 2
|τ ′|
+
2pin2|τ ′|
k2 ϑ3(X − iY | τ ′)ϑ3(X + iY | τ ′), (1.37)
where
τ ′ ≡ kτ, X ≡ kx1
L1
+
eL1|τ |
2π
t2, Y ≡ kx2
L1
− eL1|τ |
2π
t1 + n|τ |.
Using relations among the ϑ- functions (see [18])
ϑ3(X − iY | τ ′)ϑ3(X + iY | τ ′) = 1
ϑ24(0 | τ ′)
{ϑ23(X | τ ′)ϑ24(iY | τ ′)
− ϑ22(X | τ ′)ϑ21(iY | τ ′)}.
and
ϑ4(iY | τ ′) = 1√|τ ′|e
piY 2
|τ ′| ϑ2
(
Y
|τ ′|
∣∣∣∣− 1τ ′
)
,
ϑ1(iY | τ ′) = 1√|τ ′|e
piY 2
|τ ′| ϑ1
(
Y
|τ ′|
∣∣∣∣− 1τ ′
)
.
from[19] (13.22 (8)) we get
χ¯(n)(z, z¯)χ(n)(z, z¯) =
1
N 2(n)
e
2pin2|τ ′|
k2
|τ ′|ϑ24(0 | τ ′)
{
ϑ23(X | τ ′)ϑ22
(
Y
|τ ′|
∣∣∣∣− 1τ ′
)
+ ϑ22(X | τ ′)ϑ21
(
Y
|τ ′|
∣∣∣∣− 1τ ′
)}
(1.38)
With the help of Landen’s transformation [19] (13.23(16)) we can rewrite it in the following
form
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χ¯(n)(z, z¯)χ(n)(z, z¯)
=
e
2pin2|τ ′|
k2
|τ ′|ϑ24(0 | τ ′)N 2(n)
{
[ϑ2(2X | 2τ ′)
−ϑ3(2X | 2τ ′)]ϑ2
(
2Y
|τ ′|
∣∣∣∣− 2τ ′
)
(A2 −A3)B3 + [ϑ2(2X | 2τ ′)
+ϑ3(2X | 2τ ′)]ϑ3
(
2Y
|τ ′|
∣∣∣∣− 2τ ′
)
(A2 + A3)B2
}
, (1.39)
where Ai = ϑi(0 | 2τ ′), Bi = ϑi(0 | − 2τ ′ ),i = 2, 3. From the normalization condition
∫ L1
0
∫ L2
0
χ¯(n)(z, z¯)χ(n)(z, z¯)dx1dx2 = 1 (1.40)
we get
N 2(n) =
L21e
2pin2|τ |
k
k|τ |ϑ24(0 | kτ)
(A2 + A3)
=
L21e
2pin2|τ |
k
√
|τ |√
2k
=
L1L2e
2pin2|τ |
k√
2k|τ |
. (1.41)
Thus the normalized zero modes in the sector with |k| ≥ 1 are:
for k ≥ 1
χ(n)(z, z¯) =
(
2k
|τ |
)1/4
1
L1
ei
e
2
xµtµ+
pik
2|τ |
(z′2−z′z¯′)−pin2|τ |
k
+2piinz′
×ϑ3(kz′ + nτ | kτ)
(
1
0
)
(1.42)
n = 0, 1, · · · , k − 1, z′ = 1
L1
(x1 + ix2)− ieL1|τ |
2πk
t+,
for k ≤ −1
φ(n)(z, z¯) =
(
2|k|
|τ |
)1/4
1
L1
ei
e
2
xµtµ+
pi|k|
2|τ |
(z¯′′2−z¯′′z′′)−pin2|τ |
|k|
+2pinz¯′′
×ϑ3 (|k|z¯′′ + nτ | |k|τ)
(
0
1
)
(1.43)
n = 0, 1, · · · , |k| − 1; z¯′′ = 1
L1
(x1 − ix2)− ieL1|τ |
2π|k| t−.
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1.5 Spectrum of the D0 operator
1.5.1 Trivial sector k = 0.
We have the following eigenvalue and eigenfunction equation for the D˜0 ≡ L1D0 operator
D˜
(k=0)
0 ψ(x)
= L1
(
0 ∂1 − i∂2 − ie(t1 − it2)
∂1 + i∂2 − ie(t1 + it2) 0
)
ψ(x)
= εψ(x). (1.44)
In our case, when Aµ = tµ and tµ is a constant, the functions Λν(x) from (1.3) are
constants. So the periodicity conditions for the normalized solutions are as follows
ψ(x+ Lν νˆ) = ψ(x). (1.45)
Then one can look for the solution of (1.44) using the ansatz
ψ(x) =
(
a1
a2
)
e
2pii(
n1
L1
x1+
n2
L2
x2), (1.46)
where nν = 0,±1,±2, · · ·, and a1 and a2 are some complex numbers which should be
found from normalization condition.
We get for the eigenvalues
ε = ±2π
√
(n1 − t˜1)2 + 1|τ |2 (n2 − t˜2)
2 = ±i√n¯+n¯−, (1.47)
where t˜ν =
eLν
2pi
tν , n¯± = 2π[(n1 ± i|τ |n2)− (t˜1 ± i|τ | t˜2)].
Using the normalization condition∫ L1
0
dx1
∫ L2
0
dx2ψ¯(x)ψ(x) = 1, (1.48)
we get, that a1 and a2 can be any complex numbers subject the condition:|a1|2 + |a2|2 =
1
L1L2
.
1.5.2 Nontrivial sector k 6= 0.
Using the form (1.18) for the vector potential in the case k 6= 0 and complex variables,
we get (for dimensionless operator)
D˜
(k 6=0)
0 ≡ L1D(k 6=0)0 = 2

 0 ∂z − eBL214 z¯ − ieL12 t−
∂z¯ +
eBL21
4
z − ieL1
2
t+ 0


=
√
2e|B|L21
(
0 d+
d− 0
)
, (1.49)
where B ≡ 2pik
eL1L2
, d+ ≡
√
2
e|B|L21
(∂z − eBL
2
1
4
z¯ − ieL1
2
t−)
and d− ≡
√
2
e|B|L21
(∂z¯ +
eBL21
4
z − ieL1
2
t+). Note that (d+)
† = −d− and
[d+, d−] =
k
|k| (1.50)
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Then
D˜†0 = −
√
2e|B|L21
(
0 d+
d− 0
)
(1.51)
and
D˜†0D˜0 = −2e|B|L21
(
d+d− 0
0 d−d+
)
. (1.52)
Let us consider the cases of positive and negative k separately.
A. k > 0.
First let us define the vacuum states in the Fock space with creation and annihilation
operators d+ and d− functions, which are solutions of the equation
d−χ1(z, z¯) = 0 (1.53)
We already know that there should be exactly k such functions. Equation (1.53) is
the equation for the first component of the spinor χ(z, z¯) in (1.20) with the normalized
solutions given in (1.42).
Then the eigenfunctions of the D˜†0D˜0 operator are the functions(
(d+)
mχ
(n)
1 (z, z¯)
0
)
and
(
0
(d+)
m−1χ(n)1 (z, z¯)
)
, (1.54)
which correspond to eigenvalue ε2m =
4pik
|τ | m, where m = 0, 1, 2, · · ·, n = 0, 1, 2, · · · , k − 1.
Let us check this for m > 0
D˜†0D˜0
(
(d+)
mχ
(n)
1 (z, z¯)
0
)
= −4πk|τ |
(
d+d− 0
0 d−d+
)(
(d+)
mχ
(n)
1 (z, z¯)
0
)
(1.55)
= −4πk|τ |
(
d+d−(d+)mχ
(n)
1 (z, z¯)
0
)
From (1.50) we have d−(d+)m = (d+)md− −m(d+)m−1. Then
D˜†0D˜0
(
(d+)
mχ
(n)
1 (z, z¯)
0
)
=
4πkm
|τ |
(
(d+)
mχ
(n)
1 (z, z¯)
0
)
. (1.56a)
Similarly
D˜†0D˜0
(
0
(d+)
m−1χ(n)1 (z, z¯)
)
= −4πk|τ |
(
0
(d−d+)(d+)m−1χ
(n)
1 (z, z¯)
)
(1.56b)
=
4πkm
|τ |
(
0
(d+)
m−1χ(n)1 (z, z¯)
)
.
Since the index i takes k values, the spectrum of the D˜†0D˜0 operator has a 2k fold degen-
eracy for m > 0, and a k fold degeneracy for m = 0.
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One should remember that D˜†0 = −D˜0, so for the eigenvalues of the D˜0 operator we
have: ε = 0 ,±i
√
4pikm
|τ | and each value has a k-fold degeneracy.
The eigenfunctions of this operator have the following form (k > 0)
ψ
(n)
+,m(x) =
1
N (n)m,+
(
(d+)
mχ
(n)
1 (z, z¯)
i
√
m(d+)
m−1χ(n)1 (z, z¯)
)
(1.57a)
for ε = +i
√
4pikm
|τ | , and
ψ
(n)
−,m(x) =
1
N (n)m,−
(
(d+)
mχ
(n)
1 (z, z¯)
−i√m(d+)m−1χ(n)1 (z, z¯)
)
(1.57b)
for ε = −i
√
4pikm
|τ | , 1/N (n)m,± is a normalization factor.
B. k < 0.
Now the vacuum state is defined as follows
d+φ2(z, z¯) = 0 (1.58)
There are |k| vacuum states in accordance with the index theorem. They are given in
(1.43).
The eigenvalues of the D˜†0D˜0 operator ε
2
m = −4pikm|τ | are 2|k| fold degenerate for m > 0,
and |k| fold degenerate for n = 0, and its eigenfunctions are as follows
(
0
(d−)mφ
(n)
2
)
,
(
(d−)mφ
(n)
2
0
)
for m > 0. (1.59)
In this case, for the eigenvalues of the D˜0 operator we have: ε = 0,±i
√
4pi|k|m
|τ | ,m = 1, 2, · · ·,
with a |k| fold degeneracy and corresponding eigenfunctions (n = 0, · · · , |k| − 1)
ψ˜
(n)
+,m(x) =
1
N˜ (n)m,+
(
i
√
m(d−)m−1φ
(n)
2 (z, z¯)
(d−)mφ
(n)
2 (z, z¯)
)
(1.60a)
for ε = i
√
4pi|k|
|τ |m , and
ψ˜
(n)
−,m(x) =
1
N˜ (n)m,−
(
i
√
m(d−)m−1φ
(n)
2 (z, z¯)
−(d−)mφ(n)2 (z, z¯)
)
(1.60b)
for ε = −i
√
4pi|k|
|τ |m .
2 Quantum theory
The calculation of the quantum mechanical vacuum expectation values (VEV) of observ-
ables Ω(A, ψ¯, ψ) is performed with the help of the path integral formula
〈Ω(A, ψ¯, ψ)〉 = 1
Z
∫
DADψ¯Dψe−S[A,ψ¯,ψ]Ω(A, ψ¯, ψ). (2.1)
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Since the action (1.1) is quadratic in fermion fields the fermionic integration can easily be
done. Recollecting that there are different topological sectors of gauge field configurations
we have
〈Ω(A, ψ¯, ψ)〉 = 1
Z
∞∑
k=−∞
∫
Ak
DADψ¯Dψe−S[Aµ]−
∫
T
d2xψ¯Dψ
× Ω(A, ψ¯, ψ), (2.2)
where the partition function
Z =
∞∑
k=−∞
∫
Ak
DADψ¯Dψe−S[Aµ]−
∫
T
d2xψ¯Dψ. (2.3)
The result of the fermionic integration depends crucially on the number |k| of zero
modes of the operator D[A] dependent of the gauge field Aµ from the topological sector
Ak [7] and we obtain
〈Ω(A)〉 = Z−1
∫
A0
DA det D˜e−S[Aµ]Ω(A) (2.4)
〈ψα1(x1)ψ¯β1(y1) · · ·ψαN (xN )ψ¯βN (yN)〉
= Z−1
∑
k=0±1,···,±N
L
|k|
1
∫
Ak
DAe−S[A]det′[D˜] (2.5)
×∑
P
(−1)pχ(1)α1 (xi1) · · ·χ(|k|)α|k| (xi|k|)χ¯
(1)
β1
(yj1) · · · χ¯(|k|)β|k| (yj|k|)
×S(k)α|k|+1β|k|+1(xi|k|+1 , yj|k|+1;A) · · ·S
(k)
αNβN
(xiN , yjN ;A),
Z =
∫
A0
DAe−S[A] det[D˜], (2.6)
(χ(n)(x), χ¯(n)(y) n = 1, · · · , |k|) is an orthonormal set of the zero mode wave functions
and S(k)(x, y;A) is a Green’s function of the D[A] operator with a gauge field Aµ from
the topological sector Ak, det′[D˜] is a product of nonzero eigenvalues of the dimensionless
D˜ = L1D operator. The sum is taken over all possible permutations P = (i1, · · · , iN) of
(1, · · · , N), (−1)p is a parity of the permutation P .3
All these expressions are formal and need regularization. We will use the Pauli-Villars
regularization. It means that we will add to the action a sum
r∑
i=1
∫
d2xψ¯i(D −Mi)ψi, (2.7)
where the regulator masses Mi > 0, i = 1, · · · , r satisfy the regulator conditions∑r
i=1 ei(MiL1)
2p = 0, p = 1, · · · , r − 1,∑ri=1 ei = −1 and ei = +1(−1), if ψi is a fermion
(boson) field, r is a number of regular fields, sufficient to regularize all singularities which
appeared in the theory [17].
In what follows we will use only dimensionless operators D˜, D˜D˜† etc. and will not
write tilde. Then
det′D → det′D
r∏
i=1
det(D −MiL1)ei ≡ exp 1
2
Γ(k)reg[A]. (2.8)
3Note that [χ] = [χ¯] = [S(k)] = [l]−1.
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It is more convenient to work with the operator DD† which has a nonnegative spectrum.
Then (see Appendix A)
Γ(k)reg[A] = 2πi|k|+ Tr′ lnDD† + Tr
r∑
i=1
ei ln(DD
† +M2i L
2
1) (2.9)
The prime on the trace means that the zero modes are excluded. The regularization
allows the following mathematical operations leading to an evaluation of the effective
action Γ(k)reg[A] .
a) First, we will find the variation of Γ(k)reg[A] under a variation of b(x) in the expression
of the potential Aµ (see (1.9)), then by solving the variational equation we will obtain
Γ(k)reg[A] in the following form
Γ(k)reg[A] = F [b] + α(k,MiL1), (2.10)
where α(k,MiL1) does not depend on b(x).
b) Second, we will calculate α(k,MiL1).
The regularized action (2.9) may be rewritten as follows
Γ(k)reg[A] = 2πi|k|+ |k|
r∑
i=1
ei ln(M
2
i L
2
1)
−
∫ ∞
0
dt
t
(Tre−tDD
† − |k|)
(
1 +
r∑
i=1
eie
−tM2
i
L21
)
. (2.11)
Therefore under the variation of b(x) we get
δΓ(k)reg[A] = −
∫ ∞
0
δ(Tre−tDD
†
)
(
1 +
r∑
i=1
eie
−tM2
i
L21
)
dt
t
. (2.12)
In Appendix B it is shown that
δ(Tre−tDD
†
) = 4et
d
dt
Tr(γ5δbe
−tDD†). (2.13)
Substituting this formula into (2.12), we have
δΓ(k)reg[A] = −4eTr(γ5δbe−tDD
†
)
(
1 +
r∑
i=1
eie
−tM2
i
L21
)∣∣∣∣∣
∞
0
− 4e
r∑
i=1
eiM
2
i L
2
1
∫ ∞
0
dtTr(γ5δbe
−tDD†)e−tM
2
i
L21 . (2.14)
The first term in (2.14) contributes only on the upper limit, if the DD† operator has zero
modes. So when t→∞
Tr(γ5δbe
−tDD†)→ Tr(γ5δbP0), (2.15)
where P0 is the projection operator on the subspace spanned by the zero modes. To
calculate the second term we will use the heat kernel expansion of e−tDD
†
for small t [14].
〈x | e−tDD† | x〉 = 1
4πt
[1 + eγ5F12(x)t + · · ·] (2.16)
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and for Mi →∞∫ ∞
0
dtTr(γ5δbe
−tDD†)e−tM
2
i
L21 =
1
2πM2i L
2
1
∫
T
d2xδbeF12(x). (2.17)
Finally we obtain
δΓ(k)reg[A] = −4eTr(γ5δbP0)−
2e2
π
∫
T
d2xδb(x)F12(x)
= δ2(ln detN (k)A ) + δ
(
e2
π
∫
T
d2xb(x)✷b(x)
)
, (2.18)
where , ✷ = ∂21 + ∂
2
2 and N (k)A is a k × k matrix of the scalar products of the zero modes
N (k)A = ||(χˆ(n), χˆ(n
′))||, n, n′ = 0, · · · , k − 1.
The variational equation (2.18) has the solution
Γ(k)reg[A] = 2 ln detN (k)A +
e2
π
∫
τ
d2xb(x)✷b(x) + α(k,MiL1), (2.19)
where α(k,MiL1) is the integration constant.
Now let us find α(k,MiL1). From (2.9) and (2.10) it follows that
α(k,MiL1) = Γ
(k)
reg[A] |b=0= 2πi|k|+ |k|
r∑
i=1
ei lnM
2
i L
2
1
+ Tr′
{
r∑
i=1
ei ln(D0D
†
0 +M
2
i L
2
1) + ln(D0D
†
0)
}
. (2.20)
To calculate the trace in the second line of (2.20) we use the Lu¨scher’s formula (see
Appendix C) and
Tr′
{
r∑
i=1
ei ln(D0D
†
0 +M
2
i L
2
1) + ln(D0D
†
0)
}
(2.21)
=
r∑
i=1
ei
(
−r1(D0D†0)M2i L21 lnM2i L21 + ζ(0 | D0D†0) lnM2i L21
)
− ζ ′(0 | D0D†0),
where terms vanishing for Mi → ∞ have been neglected, ζ(s) ≡ ζ(s | D0D†0) is a ζ-
function of the D0D
†
0 operator
ζ(s | D0D†0) =
∑
m
(λm)
−sdm (2.22)
is defined for sufficiently large real part Res and a sum is taken over all nonzero eigenvalues
λm of D0D
†
0 operator with multiplicity dm. This function has a pole at s = 1 with the
residue r1(D0D
†
0)
ζ(s | D0D†0) =
r1(D0D
†
0)
s− 1 + · · · . (2.23)
Thus we see, that in order to find Γ(k)reg[A], we should know r1(D0D
†
0), ζ(0 | D0D†0) and
ζ ′(0 | D0D†0). But the spectrum of the D0D†0 operator or the eigenvalues λm and their
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multiplicity is known and after some calculations connected with summation of infinite
series (see Appendix D) we get the final result
Γ(k)reg[A] =
e2
π
∫
T
d2xb(x)✷b(x) + 2 ln detN (k)A − |k| ln
2|k|
|τ |
+δ0k
{
2 ln |ϑ1(t | τ)η−1(τ)|2 − 4π|τ | t¯
2
1
}
(2.24)
+
r∑
j=1
ej
(
−|τ |M
2
j L
2
1
2π
ln(M2j L
2
1) + 2πi|k|
)
.
We want to discuss shortly the implications of this result for the path integral formula
after fermion integration, Eq.(2.5). The normalization factor Z follows from the condition
〈1〉 = 1 and therefore is determined by the integration over the trivial sector k = 0 only.
The k independent parts of Γ(k)reg[A] can be factorized out of the sum over the gauge
sectors. These are the regulator mass dependent term and the term with b(x). Therefore
the regulator mass term in Γ(k)reg[A] cancels against that of Z and the normalized result is
independent of these masses as required for a consistent renormalization scheme. Also the
integration over the pure gauge component Da factorizes from all other integrations. Thus
we let this contribution cancel with the corresponding of Z without going into further
details of gauge fixing.
After fermion integration the gauge field dependent part of the action in the trivial
sector is
S ′[b(x)] =
1
2
∫
T
d2x
(
F12(x)F12(x)− e
2
π
b(x)✷b(x)
)
=
1
2
∫
T
d2xb(x)✷(✷ −m2)b(x), (2.25)
where m2 = e
2
pi
. As we see this action is bilinear in b(x) and hence describes free parti-
cles. The generating functional of its correlation functions can be calculated by Gaussian
integration:
1
Z0
∫
Dbe−S′[b]e
∫
T
d2xJ(x)b(x) = e
1
2
∫
T
d2x
∫
T
d2x′J(x)G(x−x′)J(x′) (2.26)
and
Z0 =
∫
Dbe−S′[b]. (2.27)
The propagator G(x− x′) related to S ′[b] obeys the following equation
✷(✷−m2)G(x− x′) = δ(′)(x− x′) ≡ δ(x− x′)− 1
L1L2
(2.28)
and it plays an imporatant role in future calculations. We may express G(x) by the
eigenfuctions and eigenvalues of the Laplacian ✷ on T :
G(x) =
1
m2L1L2
∑
ni
′

 e
2pii
L1
(n1x1+|τ |−1n2x2)
( 2pi
L1
)2(n21 + |τ |−2n22)
− e
2pii
L1
(n1x1+|τ |−1n2x2)
m2 + ( 2pi
L1
)2(n21 + |τ |−2n22)

 ≡ 1m2{G0(x)−Gm(x)}. (2.29)
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The summation
∑′
ni
excludes n1 = n2 = 0. Therefore G0(x) is the Green’s function of the
Laplacian on T , which as an integral operator transforms a constant function into zero
G0 ∗ (const) = 0. It has a representation (see Appendix E )
G0(x) =
1
L1L2
∑
ni
′ e
2pii
L1
(n1x1+|τ |−1n2x2)
( 2pi
L1
)2(n21 + |τ |−2n22)
= − 1
2π
ln
∣∣∣∣∣ϑ1(z | τ)ϑ′1(0 | τ)
∣∣∣∣∣+ x
2
2
2L1L2
+
|τ |
12
− 1
2π
ln 2πq20(τ)
= − 1
2π
ln
(
2πη2(τ)e
− pix
2
2
L1L2
∣∣∣∣∣ϑ1(z | τ)ϑ′1(0 | τ)
∣∣∣∣∣
)
. (2.30)
Note that ϑ′1(0|τ) = 2πη3(τ). With the help of the formula
∞∑
n=−∞
e2piinx
a2 + n2
=
π cosh(πa[1 − 2|x|])
a sinh(πa)
(2.31)
we can do one summation in Gm(x)
Gm(x) +
1
L1L2m2
= G¯m(x) =
∑
n
e
2pii
L1
nx1 cosh[|τ |ξ(n)(1/2− x2/L2)]
2ξ(n) sinh[|τ |ξ(n)/2]
=
L2→∞
∑
n
e
2pii
L1
nx1−ξ(n) x2L1
2ξ(n)
(2.32)
=
L1→∞
1
2π
K0(m|x|) = 1
4π2
∫ ∫
d2peipx
p2 +m2
,
where ξ(n) =
√
4π2n2 + L21m
2 and 1
2pi
K0(m|x|) is the Green’s function of the free particle
with a mass m in the infinite two dimensional Euclidean space-time (to find the limit
L1 →∞ we used Euler’s summation formula) which has the following asymptotics [20]
K0(m|x|)→ −
[
ln
m|x|
2
+ γ
]
, |x| → 0 (2.33)
K0(m|x|)→
√
π
2m|x|e
−m|x|
[
1 +O
(
1
m|x|
)]
, |x| → ∞ (2.34)
3 Applications
3.1 Average of fermion bilinears
Now we calculate the vacuum expectation value of the gauge invariant fermion bilinear,
using the general formula (2.5) (we do gauge invariant point-splitting)
〈M(x)〉 ≡ 〈ψ¯(x+ ζ)Γe
ie
x+ζ∫
x−ζ
Aα(y)dyα
ψ(x− ζ)〉
=
1
Z
∑
k
∫
Ak
Dψ¯DψDAe−S[A]−SF [ψ¯,ψ,A]ψ¯(x+ ζ)Γ˜ψ(x− ζ)
=
1
Z
∑
k
∫
Ak
DAe−S[A]I(k)[x, ζ ; Γ], (3.1)
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where Γ˜ = Γe
ie
x+ζ∫
x−ζ
Aα(y)dyα
,
∑
k
∫
Ak
DAe−S[A]... =∑
k
e
− 2pik2
m2L1L2
T1∫
0
dt1
T2∫
0
dt2
∫
Dbe− 12
∫
b(x)✷2b(x)dx..., (3.2)
and Tµ = 2π/eLµ.
For fermion bilinears only gauge sectors CH(k), with k = 0,±1 contribute.
For the trivial sector (k = 0):
I(0)[x, ζ,Γ] = −Tµ[a, b, x, ζ ; Γ]S(µ)t (−2ζ)e
1
2
Γ
(0)
reg[A] (3.3)
and
Tµ[a, b, x, ζ ; Γ]
≡ e−ie∆a(x)[Tr(γµΓ) cosh e∆b(x) + Tr(γ5γµΓ) sinh e∆b(x)]. (3.4)
For the sector |k| = 1
I(1)[x, ζ ; Γ] = −L1 ¯ˆχ(x+ ζ)Γχˆ(x− ζ)e 12Γ
(+1)
reg [A], (3.5)
I(−1)[x, ζ ; Γ] = −L1 ¯ˆφ(x+ ζ)Γφˆ(x− ζ)e 12Γ
(−1)
reg [A], (3.6)
where χˆ(φˆ) is a zero mode of positive (negative) chirality of the operator γµ(∂µ − ie(tµ +
ǫµν∂νb+ C
(±1)
µ )) (see (section 1)).
We see that for the vector (Γ = γµ) or pseudovector (Γ = iγ5γµ) currents there is the
contribution only from the trivial sector, and for scalar (Γ = 1) or pseudoscalar (Γ = γ5)
there is the contribution only from the topological sectors |k| = 1.
So we get, using (3.1) and (F.10)
〈ψ¯(x+ ζ)γαeie
∫ x+ζ
x−ζ
Aβ(y)dyβψ(x− ζ)〉 (3.7)
∼
ζ→0
2
π
eI2(ζ)[δµα cos I1(ζ) + ǫµα sin I1(ζ)]
×[ ζµ
2|ζ |2 − 〈Kµ(t)〉
(0)
t ], (3.8)
where
I1(ζ) ≡ e2ǫαβ
∫ ζ
−ζ
[∂βG(y + ζ)− ∂βG(y − ζ)]dyα, (3.9)
I2(ζ) ≡ e
2
2
ǫαβǫγν
∫ ζ
−ζ
∫ ζ
−ζ
∂β∂νG(x− y)dxαdyγ, (3.10)
G(x) is the propagator of the b-field (2.29) and 〈. . .〉(0)t is the averaging over the toron
configurations
〈. . .〉(0)t =
1
Ztoron
∫ T1
0
dt1
∫ T2
0
dt2e
1
2
Γ(0)(t) . . . , (3.11)
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and
Ztoron =
∫ T1
0
dt1
∫ T2
0
dt2e
1
2
Γ(0)(t) nonumber (3.12)
=
∫ T1
0
dt1
∫ T2
0
dt2|ϑ1(it¯+|τ)|2e−
2pi
|τ |
t¯21 =
(2π)2
e2
√
2|τ |L1L2
. (3.13)
Using the relation Kµ(t) =
ipi
2eL1L2
∂
∂tµ
Γ(0)(t) (see (F.11)-(F.12)), one can easily prove that
〈Kµ(t)〉(0)t = 0.
We have the singular behavior for the current
〈ψ¯(x+ ζ)γαe
ie
x+ζ∫
x−ζ
Aβ(y)dyβ
ψ(x− ζ)〉 ∼
ζ→0
ζα
π|ζ |2 + o(|ζ |). (3.14)
For the scalar (Γ = 1) in (3.1) (in the limit ζ → 0) , using (3.2),(2.24) and (3.11) we get
〈ψ¯(x)ψ(x)〉 = 2η
2(τ)
L1
e2e
2G(0)−2pi2/e2L1L2 (3.15)
= 〈ψ¯(x)γ5ψ(x)〉
(see [9] and [12]).
In the limit L1 = L2 = L→∞ from (2.29)-(2.32) it follows that
2e2G(0) = − ln η2(τ) + ln m
4π
+ γ + lnL1, (3.16)
where m = e√
pi
and γ is the Euler constant, and
〈ψ¯(x)ψ(x)〉 = e√
π
eγ
2π
(3.17)
3.2 Correlation functions for fermion bilinears
Using our definition ofM(x) we will consider the correlation functions for gauge invariant
(regularized) bilinears
〈M(x)M ′(y)〉
= lim
ζ→0
ζ′→0
{
〈ψ¯(x+ ζ)Γ˜ψ(x− ζ)ψ¯(y + ζ ′)Γ˜′ψ(y − ζ ′)〉 (3.18)
− 〈ψ¯(x+ ζ)Γ˜ψ(x− ζ)〉〈ψ¯(y + ζ ′)Γ˜′ψ(y − ζ ′)〉
}
,
where Γ˜ = Γ exp
{
ie
x+ζ∫
x−ζ
Aσ(x
′)dx′σ
}
, Γ˜′ = Γ′ exp
{
ie
y+ζ′∫
y−ζ′
Aδ(y
′)dy′δ
}
,
Γ,Γ′ = γµ, γ5, 1.
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From the general formula (2.5) we have
〈ψ¯(x+ ζ)Γ˜ψ(x− ζ)ψ¯(y + ζ ′)Γ˜′ψ(y − ζ ′)〉
=
1
Z
∑
k
∫
Ak
Dψ¯DψDAe−S[A]−SF [ψ¯,ψ,A] (3.19)
×ψ¯(x+ ζ)Γ˜ψ(x− ζ)ψ¯(y + ζ ′)Γ˜′ψ(y − ζ ′)
=
1
Z
∑
k
∫
Ak
DAe−S[A]I(k)[x, ζ ; y, ζ ′; Γ,Γ′]
and only gauge sectors CH(k), with k = 0,±1,±2 contribute.
The trivial sector k = 0. For this sector
I(0)[x, ζ ; y, ζ
′; Γ,Γ′]
=
{
−Tµν [a, b, x, ζ, y, ζ ′; Γ,Γ′]S(µ)t (x− ζ − y − ζ ′)S(ν)t (y − ζ ′ − x− ζ) (3.20)
+ Tµ[a, b, x, ζ ; Γ]Tν[a, b, y, ζ
′; Γ′]S(µ)t (−2ζ)S(ν)t (−2ζ ′)
}
e
1
2
Γ
(0)
reg [A],
where
Tµν [a, b, x, ζ, y, ζ
′; Γ,Γ′]
≡ e−ie∆a(x)−ie∆a(y) {Tr(γµΓ′γνΓ) cosh b1 cosh b2+
+Tr(γ5γµΓ
′γνΓ) sinh b1 cosh b2 + Tr(γµΓ
′γ5γνΓ) cosh b1 sinh b2 (3.21)
+ Tr(γ5γµΓ
′γ5γνΓ) sinh b1 sinh b2}
contributes to the connected part of the corresponding diagram and Tµ[a, b, x, ζ ; Γ], given
in (3.4), contributes to the disconnected part of this diagram.
∆a(x) ≡ a(x+ ζ)− a(x− ζ), (3.22)
∆a(y) ≡ a(y + ζ ′)− a(y − ζ ′), (3.23)
b1 ≡ eb(x − ζ)− eb(y + ζ ′), (3.24)
b2 ≡ eb(y − ζ ′)− eb(x+ ζ). (3.25)
Sectors k = ±1. For the sector k = 1
I(1)[x, ζ ; y, ζ
′; Γ,Γ′] = L1e
1
2
Γ
(1)
reg[A](detN (1)A )−1
×
{
ˆ¯χ(x+ ζ)Γχˆ(x− ζ)Tµ[a, b; y, ζ ′,Γ′]S(1)(µ)t (y − ζ ′, y + ζ ′)
+Tµ[a, b; x, ζ,Γ]S
(1)(µ)
t (x− ζ, x+ ζ)¯ˆχ(y + ζ ′)Γ′χˆ(y − ζ ′) (3.26)
−¯ˆχ(y + ζ ′)Γeieα(y−ζ′)γµe−ieα′(x+ζ)Γ′χˆ(x− ζ)S(1)(µ)t (y − ζ ′, x+ ζ)
− ¯ˆχ(x+ ζ)Γeieα(x−ζ)γµe−ieα′(y+ζ′)Γ′χˆ(y − ζ ′)S(1)(µ)t (x− ζ, y + ζ ′)
}
,
χˆ(x) = eie[a(x)−ib(x)]χ(x) and χ(x) is a zero mode in the sector k = 1 given in Eq.(1.34)
and a similar expression for I(−1)[x, ζ ; y, ζ ′; Γ,Γ′] for the sector k = −1.
Sectors k = ±2. For k = 2 we have
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I(2)[x, ζ ; y, ζ
′; Γ,Γ′] = L21e
1
2
Γ
(2)
reg[A](detN (2)A )−1
×
{
¯ˆχ
(0)
(x+ ζ)Γχˆ(0)(x− ζ)¯ˆχ(1)(y + ζ ′)Γ′χˆ(1)(y − ζ ′)
+¯ˆχ
(1)
(x+ ζ)Γχˆ(1)(x− ζ)¯ˆχ(0)(y + ζ ′)Γ′χˆ(0)(y − ζ ′) (3.27)
−¯ˆχ(0)(x+ ζ)Γχˆ(1)(x− ζ)¯ˆχ(1)(y + ζ ′)Γ′χˆ(0)(y − ζ ′)
− ¯ˆχ(1)(x+ ζ)Γχˆ(0)(x− ζ)¯ˆχ(0)(y + ζ ′)Γ′χˆ(1)(y − ζ ′)
}
,
where χˆ(0) and χˆ(1) are two independent zero modes of DA operator for k = 2 and a
similar expression for I(−2)[x, ζ ; y, ζ ′; Γ,Γ′] for the sector k = −2.
In these formulas the vector-potential of the electromagnetic field from the topological
sector Ak, is given in (1.8),
S
(k)
t (x, y) = γµS
(k)(µ)
t (x, y) (3.28)
is the Green’s function of the D0 operator given in (1.13) (S
(0)(µ)
t (x, y) ≡ S(µ)t (x− y)). In
general, the propagator S(k)(x, y;A) of the fermions in the background field Aµ(x) from
(1.8) can be expressed as follows
S(k)(x, y;A) = eieα(x)S
(k)
t (x, y)e
−ieα′(y), (3.29)
where α(x) = a(x)− iγ5b(x), α′(y) = a(y) + iγ5b(y), (see Appendix G)
3.2.1 Currents Γ = iγα, Γ
′ = iγβ. (M(x) ≡ jα(x), M(y) ≡ jβ(y))
In this case we have contribution only from the trivial sector k = 0. The evaluation of
the connected and disconnected parts is straightforward (see Appendix F):
〈jα(x)jβ(y)〉c = 2〈S(β)t (x− y)S(α)t (y − x) + S(α)t (x− y)S(β)t (y − x)
− δαβS(µ)t (x− y)S(µ)t (y − x)〉(0)t , (3.30)
〈jα(x)jβ(y)〉d = −
{
1
π2
ζα
|ζ |2
ζ ′β
|ζ ′|2 +
e2
π2
ǫαρǫβσ∂ρ∂σG(x− y) +Rαβ
}
, (3.31)
R11 =
1
2π2
[〈K1(t)K1(t)〉(0)t − 〈K2(t)K2(t)〉(0)t ], (3.32)
R12 =
1
π2
〈K1(t)K2(t)〉(0)t . (3.33)
Applying an ‘addition theorem’ of the ϑ-functions
ϑ1(z + w)ϑ1(z − w) = 1
ϑ24(0)
(ϑ21(z)ϑ
2
4(w)− ϑ24(z)ϑ21(w)) (3.34)
and using the ‘light cone components’ j±(x) = j1(x) ∓ ij2(x), we get for the ‘connected’
part a simple result in terms of the Weierstrass function ℘(z) [18] [19]
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〈j+(x)j+(0)〉c = 〈j−(x)j−(0)〉∗c = −
1
π2L21
{℘(z)− 〈℘(t¯)〉(0)t }, (3.35)
〈j+(x)j−(0)〉c = 0, (3.36)
℘(z) = − d
2
dz2
lnϑ1(z | τ) + 1
3
ϑ′′′1 (0 | τ)
ϑ′1(0 | τ)
, (3.37)
or returning to Cartesian components
〈j1(x)j1(0)〉c = − 1
4π2L21
{℘(z) + ℘(z¯)− 〈℘(t¯)〉(0)t − 〈℘(t)〉(0)t }
= −〈j2(x)j2(0)〉c, (3.38)
〈j1(x)j2(0)〉c = i
4π2L21
{℘(z¯)− 〈℘(t)〉(0)t − ℘(z) + 〈℘(t¯)〉(0)t }
= 〈j2(x)j1(0)〉c. (3.39)
The averaging over the toron configuration results in
〈℘(t)〉(0)t = L21〈[K1(t) + iK2(t)]2〉(0)t +
π
|τ | +
1
3
ϑ′′′1 (0 | τ)
ϑ(0 | τ)
= 〈℘(t¯)〉(0)∗t (3.40)
and
〈j1(x)j1(0)〉c = 1
π
∂22G0(x) +
1
2π2
[〈K1(t)K1(t)〉(0)t − 〈K2(t)K2(t)〉(0)t ], (3.41)
〈j1(x)j2(0)〉c = 1
π
∂1∂2G0(x) +
1
π2
〈K1(t)K2(t)〉(0)t . (3.42)
Adding the connected and disconnected parts we get for the correlation function of the
currents
〈jα(x)jβ(y)〉 = 1
π
ǫαρǫβσ∂ρ∂σGm(x− y). (3.43)
3.2.2 Clustering
The clustering property means that the vacuum matrix element of a product of local
operators factorizes when their space-like separation becomes large. Usually this property
is well established in the theories, where we have massive particles from the beginning.
We will prove that in the Schwinger model (where massless fermions interact with a gauge
field) this property also holds.
In order to do that we should calculate the four point function
〈ψ¯(x)ψ(x)ψ¯(0)ψ(0)〉, and as we have demonstrated in the previous section for this aim
one should consider all topological sectors with |k| ≤ 2. In fact, in this case only the
sectors k = 0 and |k| = 2 contribute (see Eq.(3.18)). Then the L1 = L2 = L → ∞ limit
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should be taken, and we will prove that as in the case of the Schwinger model of the
sphere [7] the trivial sector gives only a half of the value expected, the other half comes
from the sector |k| = 2.
From the general expression (3.19) by calculating traces we obtain:
〈ψ¯(x)ψ(x)ψ¯(0)ψ(0)〉 = −2R(x, 0)〈S(µ)t (x)S(µ)t (−x)〉(0)t
+V (x, 0)
{
〈χ¯(0)(x)χ(0)(x)χ¯(1)(0)χ(1)(0) + χ¯(1)(x)χ(1)(x)χ¯(0)(0)χ(0)(0)
−χ¯(0)(x)χ(1)(x)χ¯(1)(0)χ(0)(0)− χ¯(1)(x)χ(0)(x)χ¯(0)(0)χ(1)(0)〉(2)t (3.44)
+〈φ¯(0)(x)φ(0)(x)φ¯(1)(0)φ(1)(0) + φ¯(1)(x)φ(1)(x)φ¯(0)(0)φ(0)(0)
− φ¯(0)(x)φ(1)(x)φ¯(1)(0)φ(0)(0)− φ¯(1)(x)φ(0)(x)φ¯(0)(0)φ(1)(0)〉(−2)t
}
where R(x, 0) = e4e
2[G(0)−G(x)] and V (x, 0) = η
2(τ)|τ |L21
4
e4e
2[G(0)+G(x)]e
− 8pi
m2L1L2 .
One can easily show that the contributions from the sectors with k = +2 and k = −2
are equal.
So
〈ψ¯(x)ψ(x)ψ¯(0)ψ(0)〉 = −2R(x, 0)〈S(µ)t (x)S(µ)t (−x)〉(0)t
+V (x, 0)〈|χ(0)1 (x)χ(1)1 (0)− χ(1)1 (x)χ(0)1 (0)|2〉(2)t , (3.45)
where χ
(n)
1 (x) is the first component of the zero mode χ
(n)(x) with the positive chirality.
For the t-averaging in the trivial sector (k = 0) we get
〈S(µ)t (x)Sµt (−x)〉(0)t = −
η6(τ)
|L1ϑ1(z | τ)|2 e
2pi
L1L2
x22 (3.46)
and
R(x, 0) = e4e
2G(0)e−4piG0(x)e4piGm(x). (3.47)
From the general expression (1.42) for the zero modes with the positive chirality in
the sector k = 2 we have two of them
χ
(0)
1 (x) = (
4
|τ |)
1/4 1
L1
ei
e
2
xµtµ+
pi
|τ |
(z′2−z′z¯′)ϑ3(2z′|2τ). (3.48)
and
χ
(1)
1 (x) = (
4
|τ |)
1/4 1
L1
e
i e
2
xµtµ+
pi
|τ |
(z′2−z′z¯′)−pi|τ |
2
+2piiz′
ϑ3(2z
′ + τ |2τ) (3.49)
Using the relation between ϑ-functions [19]
ϑ3(z +
τ
2
|τ) = e−ipi(z+ τ4 )ϑ2(z|τ), (3.50)
χ
(1)
1 (x) can be rewritten as follows
χ
(1)
1 (x) = (
4
|τ |)
1/4 1
L1
ei
e
2
xµtµ+
pi
|τ |
(z′2−z′z¯′)ϑ2(2z′|2τ). (3.51)
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With the help of the formula
ϑ3(2v|2τ)ϑ2(2u|2τ)− ϑ2(2v|2τ)ϑ3(2u|2τ) = ϑ1(v + u|τ)ϑ1(v − u|τ), (3.52)
which follows from formulas (118) and (128) in [22], we obtain
χ
(0)
1 (x)χ
(1)
1 (0)− χ(1)1 (x)χ(0)1 (0) =
2
|τ | 12
1
L21
ei
e
2
x2t2+
pi
|τ |
(z2−zz¯)+ pi
2|τ |
(t¯2−tt¯)
×ϑ1(z|τ)ϑ1(z + t¯|τ)e
2pix2 t˜1
L1 (3.53)
and
〈|χ(0)1 (x)χ(1)1 (0)− χ(1)1 (x)χ(0)1 (0)|2〉(2)t =
4
|τ |L41
e
4pi
L1L2
x22 |ϑ1(z|τ)|2
×〈|ϑ1(z + t¯|τ)|2e−2pi|τ |t˜
2
1+
4pix2 t˜1
L1 〉(2)t . (3.54)
One can easily check that in the last formula
〈...〉(2)t = e
2pix22
L1L2 . (3.55)
So
〈|χ(0)1 (x)χ(1)1 (0)− χ(1)1 (x)χ(0)1 (0)|2〉(2)t =
4
|τ |L41
e
− 2pix
2
2
L1L2 |ϑ1(z|τ)|2. (3.56)
From (3.45)-(3.47) and (3.56) we get
〈ψ¯(x)ψ(x)ψ¯(0)ψ(0)〉 = 2η
4(τ)
L21
e4eG(0)[e4piGm(x) + e
−4piGm(x)− 8pi
m2L1L2 ] (3.57)
and from (2.32) and (3.15)
〈ψ¯(x)ψ(x)ψ¯(0)ψ(0)〉 = 〈ψ¯(x)ψ(x)〉2 cosh 4πG¯m(x). (3.58)
So in the flat space limit we have, using (3.17)
〈ψ¯(x)ψ(x)ψ¯(0)ψ(0)〉 =
L1=L2=L→∞
e2γ
π
e2
8π2
{
e2K0(m|x|) + e−2K0(m|x|)
}
(3.59)
and when |x| → ∞ with the help of (2.33)
〈ψ¯(x)ψ(x)ψ¯(0)ψ(0)〉 →|x|→∞
(
e√
π
eγ
2π
)2
= 〈ψ¯ψ〉2. (3.60)
Thus the clustering property is indeed satisfisfied.
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Conclusions
Using the path integral approach we have performed a complete analysis of the Schwin-
ger model on the torus. This model is not just a generalization to the ordinary SM
in the infinite space time. The compactification enables to investigate the model in
a mathematically more satisfactory way, keeping all singularities under control. The
relevant differential operators have discrete spectra and the path integrals in the quantum
theory can be properly defined if one uses their eigenfunctions.
All configurations of the electromagnetic potential (abelian gauge field) defined on the
torus can be classified according to their topological charge. The nontrivial gauge field
topology implies the occurrence of fermionic zero modes, which need a special treatment
in the quantum theory and contribute to correlation functions of fermionic fields. For
gauge fields of the topological charge k, the massless Dirac operator possesses exactly |k|
zero modes. We have obtained explicit expressions for them and calculated the spectrum
of the Dirac operator in any topological sector.
In quantum theory using the Pauli-Villars regularization to remove the ultraviolet
divergences occurring in the fermionic path integral, we have calculated the part of the
gauge field effective action, which appears due to the fermion integration (Eq.(2.24)).
Effect of the torons (zero modes of the gauge potential) on the fermion fields reveals itself
in the toron effective action Γ(0)(t) (Eq. (3.13)), which rules their dynamics and controls
infrared singularities.
We have found the propagator of the gauge field on the torus, which is expressed
in terms of massless and massive Green’s functions of the Laplacian on the torus, and
calculated the fermionic propagators in the background toron field and in topologically
nontrivial gauge field (Appendices F and G).
Finally, we have explicitly calculated several expectation values of physical interest.
Toron averaging (Eq.(3.11)) assures a translational invariant distribution of the symmetry
breaking zero modes in the topologically non-trivial sectors. For the two-and four-point
functions of fermion fields sectors with |k| ≤ 1 and |k| ≤ 2, respectively, contribute. For
two point function the correct result (found before by operator methods) is obtained only,
if the presence of the zero modes are properly accounted for and their role in the chiral
symmetry breaking by an anomaly becomes particularly transparent. We have calculated
the four-point function 〈ψ¯ψ(x)ψ¯ψ(0)〉 and proved the clustering property.
Comparing the torus compactification of the geometric [11] with the ordinary SM,
which is considered in the present work, one can find many similiarities. But there are
also some differences. The effective action in the geometric SM has a factor 2, which
implies a factor
√
2 in the mass of the isoscalar particle (in the geometric SM we have
additional internal symmetry and isospin multiplet of massles particles). The factor 2 in
the toron action changes the character of the integration over the torons considerably,
and hence the dynamical role of the torons in these cases.
Nowdays there are very intensive discussions in the literature on finite temperature
(size) effects in quantum field-theoretical models. To study them in the present context
one should let the spacial (‘temporal’) extension of L2(L1) tend to infinity.
It would be interesting to extend this investigation to the cases of the chiral Schwinger,
massive Schwinger and Thirring models.
These problems remain to be considered in the future.
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Note added After finalizing this work I became aware of a recent paper by Fayyazud-
din et al [23], where the same result for the four point fermionic function (Eq. (3.58))
was obtained. I thank A.Wipf for bringing this reference to my attention.
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Appendix A. Derivation of the Eq.(2.9).
As it has been mentioned the nonzero eigenvalues of the D operator appear in pairs:
iEν and −iEν(Eν is real). Therefore
det′D =
∏
ν
(iEν)(−iEν) =
∏
ν
E2ν (A.1)
and
det′D† =
∏
ν
(−iEν)(iEν) =
∏
ν
E2ν . (A.2)
Thus
det′D =
√
det′DD†. (A.3)
Furthermore
det(D −MiL1) =
∏
ν
(−iEν −MiL1)(iEν −MiL1)(−MiL1)|k|
=
∏
ν
(E2ν +M
2
i L
2
1)(−MiL1)|k|, (A.4)
since in the sector with Pontriyagin index k the D operator has |k| zero modes.
On the other hand
det(DD† +M2i L
2
1) = det[(D −MiL1)(−D −MiL1)]
= det(D −MiL1) det(−D −MiL1) (A.5)
=
∏
ν
(E2ν +M
2
i L
2
i )
2(−MiL1)2|k|.
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So
det(D −MiL1) = (−1)k det(DD† +M2i L21)1/2 (A.6)
and from (2.8)
exp
1
2
Γ(k)reg[A] = (−1)|k|(det′DD†)1/2
r∏
i=1
det(DD† +M2i L
2
1)
ei
2 . (A.7)
Appendix B. Derivation of the Eq.(2.13).
First, let us prove that for any operator Aˆ
δTr(e−tAˆ) = −tTr(δAˆe−tAˆ). (B.1)
We have
δe−tAˆ = e−t(Aˆ+δAˆ) − e−tAˆ = e−tAˆe−tδAˆet[Aˆ,δAˆ] − e−tAˆ
+O((δA)2) = e−tAˆ(−tδAˆ + t[Aˆ, δAˆ] +O((δAˆ)2)) (B.2)
Since Tr is a linear operation
δTr(e−tAˆ) = Tr(δe−tAˆ) = −tTr(δAˆe−tAˆ). (B.3)
Second, let us find the variation δD under the variation of b(x)
D = L1γµ(∂µ − ieAµ) = L1γµ∂µ + eL1γµγ5∂µb(x) + · · · ,
where we have not written the terms which do not vary under the variation of b(x). For
any function f(x) we have
(δDf)(x) = (D(b+ δb)f)(x)− (Df)(x)
= eL1γµγ5(∂µb(x) + ∂µδb(x))f(x)− eL1γµγ5∂µb(x)f(x)
= eL1γµγ5(∂µδb(x))f(x)
= eL1γµγ5[∂µ, δb(x)]f(x) = −eγ5[D, δb(x)]f(x), (B.4)
since
γµγ5 = −γ5γµ.
Thus
δD = −eγ5[D, δb(x)]. (B.5)
Now let us find the variation δ(DD†):
δ(DD†) = −δ(D2) = −DδD − (δD)D
= e[Dγ5Dδb−Dγ5δbD + γ5DδbD − γ5δbDD]
= eγ5[DD
†δb+ δbDD† + 2DδbD], (B.6)
since
Dγ5 = −γ5D = γ5D†. (B.7)
Finally from (B.3) and (B.7) we get
δ(Tre−tDD
†
) = −tTr(δ(DD†)e−tDD†)
= −4etTr(γ5δbDD†e−tDD†) = 4et d
dt
(γ5δbe
−tDD†). (B.8)
27
Appendix C. Lu¨sher’s formula.
We can write the following representation
Tr′
r∑
i=1
ei ln(D0D
†
0 +M
2
i L
2
1)
=
r∑
i=1
ei
∫ ∞
0
dt
t
Tr′e−t(D0D
†
0)e−tM
2
i
L21 (C.1)
From (2.22) we get
ζ ′(s | D0D†0) = −
∑
m
(lnλm)dmλ
−s
m . (C.2)
So
ζ ′(0 | D0D†0) = − ln
∏
m
λdmm = − ln det′(D0D†0) = −Tr′ ln(D0D†0). (C.3)
Again from (2.22) we have
ζ(s | D0D†0) =
∑
m
dm
1
Γ(s)
∫ ∞
0
dt
t
tse−tλm =
1
Γ(s)
∫ ∞
0
dt
t
tsTr′(e−t(D0D
†
0)). (C.4)
Thus we see that Γ(s)ζ(s | D0D†0) is a Mellin transformation of the Tr′(e−t(D0D
†
0)), so we
can find Tr′(e−t(D0D
†
0)) doing the inverse transformation of
Γ(s)ζ(s | D0D†0) =
r1(D0D
†
0)Γ(s)
s− 1 + AΓ(s) + Γ(s)ϕ(s), (C.5)
where we have used (2.23). A is a constant: A = ζ(0 | D0D†0)− r1(D0D†0) and ϕ(s) is an
entire function of s and ϕ(0) = 0.
Tr′(e−tD0D
†
0) =
1
2πi
∫ σ1+i∞
σ1−i∞
Γ(s)ζ(s | D0D†0)t−sds, (C.6)
where σ1 is any real number greater than unity. The second line of (2.20) can be expressed
as a sum of the two terms
r∑
i=1
ei
∫ ∞
0
dt
t
Tr′{e−t(D0D†0)}e−tM2i L21
=
r∑
i=1
ei
∫ 1
0
dt
t
Tr′{e−t(D0D†0)}e−tM2i L21 +
r∑
i=1
ei
∫ ∞
1
dt
t
Tr′{e−t(D0D†0)}e−tM2i L21 . (C.7)
The second term disappears in the limit Mi →∞ and only the first term gives ultraviolet
divergencies when Mi →∞. So we should calculate the integral in (C.7) only for 0 < t <
1. In this case we can close the contour in (C.6) on the left, take for the integrand its
expression (C.5) and use the residuum formula.
Then
Tr′(e−tD0D
†
0) =
r1(D0D
†
0)
t
− r1(D0D†0) + A+ · · · , (C.8)
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where · · · is a sum of the positive powers of t which also do not contribute to the integral
in the limit Mi →∞. So for the first sum in the second line of (2.20) we have
r∑
i=1
ei
∫ 1
0
dt
t
(
r1(D0D
†
0)
t
+ ζ(0 | D0D†0)
)
e−tM
2
i
L21 (C.9)
up to terms, which disappear in the limit Mi →∞. The expression in (C.9) is equal to
r∑
i=1
ei(−r1(D0D†0)M2i L21 lnM2i L21 + ζ(0 | D0D†0) lnM2i L21). (C.10)
So from (C.1) and (C.7)–(C.10), we obtain (2.21).
Appendix D. Calculation of r1(D0D
†
0), ζ(0 | D0D†0) and ζ ′(0 | D0D†0).
1. Trivial sector (k = 0). In this case the background electromagnetic field is rep-
resented only by the toron field. The spectrum λn1,n2 of the D0D
†
0 operator
1 with
2-fold degeneracy is known (see (1.47)) and
ζ(s | D0D†0) = 2(4π2)−s
∑
n1,n2
[(n1 − t˜1)2 + 1|τ |2 (n2 − t˜2)
2]−s
= 2(4π2)−sZ
∣∣∣∣∣ −t˜1 −t˜20 0
∣∣∣∣∣
s
ϕ
, (D.1)
where Z | |(s)ϕ is Epstein ζ -function (see [19] (17.93), in our case p = 2, ϕ(x) =
x21 +
1
|τ |2x
2
2, g1 = −t˜1, g2 = −t˜2, n = 0).
This function has a pole at s = 1 with the residue r¯1 = π∆
−1/2Γ(2), where ∆ = detA
and A is a matrix of the quadratic form ϕ(x) =
∑
i,j aijxixj , A =‖ aij ‖. In our
case ∆ = 1|τ |2 , so r¯1 = π|τ |. Thus
r(D0D
†
0) = 2
π|τ |
4π2
=
|τ |
2π
. (D.2)
In order to find ζ(0 | D0D†0) and ζ ′(0 | D0D†0), i.e. Z(0) and Z ′(0), we will use the
following method2
Z(s) =
∑
n1,n2
(
n˜21 +
1
|τ |2 n˜
2
2
)−s
=
1
Γ(s)
∑
n1,n2
∫ ∞
0
dt
t
tse
−(n˜21+ 1|τ |2 n˜
2
2)t ≡ 1
Γ(s)
J(s), (D.3)
where n˜i ≡ ni − t˜i, i = 1, 2.
Using the Poisson summation formula
∑
n
f(n) =
∑
p
∫ ∞
−∞
dxf(x)e−2piipx, (D.4)
1We should remind the reader that now we are considering dimensionless operatorsD0 andD
†
0 obtained
by the multiplication of L1.
2This method was suggested by A.Coste.
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we have
J(s) =
∑
p
∑
n2
∫ ∞
0
dt
t
ts
∫ ∞
−∞
dxe
−2piipx−[(x−t˜1)2+ 1
|τ |2
n˜22]t (D.5)
Doing the Gaussian integration over x we get
J(s) =
√
π
∑
p
∑
n2
∫ ∞
0
dt
t
ts√
t
e
−[t( n˜
2
2
|τ |2
+t˜21)+
pi2
t
(p+
it˜1t
pi
)2] ≡∑
p
Jp(s). (D.6)
For the calculation of the value at s = 0 we will consider two cases separately
a)p = 0
J0(s) =
√
π
∑
n2
∫ ∞
0
dt
t
ts√
t
e
−t n˜
2
2
|τ |2 =
√
π
∑
n2
∫ ∞
0
dtts−3/2e−t(
n˜2
|τ |
)2
=
√
πΓ
(
s− 1
2
)
|τ |2s−1∑
n2
∣∣∣n2 − t˜2∣∣∣−2s+1 (D.7)
=
√
πΓ
(
s− 1
2
)
|τ |2s−1
{
ζR(2s− 1, t˜2) + ζR(2s− 1, 1− t˜2)
}
,
since 0 < t˜2 < 1. ζR(s | q) is a generalized Riemann’s ζ- function
ζR(s | q) =
∞∑
n=0
1
(q + n)s
=
1
Γ(s)
∫ ∞
0
ts−1e−qt
1− e−t dt, Res > 0. (D.8)
If n is nonnegative integer,
ζR(−n | q) = −Bn+1(q)
n+ 1
, (D.9)
therefore
J0(0) = −2π|τ |
{
−B2(t˜2)
2
− B2(1− t˜2)
2
}
=
2π
|τ |B2(t˜2) =
2π
|τ |
(
t˜22 − t˜2 +
1
6
)
. (D.10)
b)p 6= 0
Jp(s) =
√
πe−2piipt˜1
∑
n2
∫ ∞
0
dt
t
ts√
t
e
− n˜
2
2
|τ |2
t−pi2
t
p2
. (D.11)
Using the new variables u = |n˜2|
pi|τ | |p|t, k =
|n˜2|
|τ | |p| and taking into account that
∫ ∞
0
duu−3/2e−pik(u+
1
u
) =
1√
k
e−2pik, (D.12)
we obtain for the special case s = 0
Jp(0) = e
−2piipt˜1 ∑
n2
1
|p|e
−2pi |n˜2|
|τ |
|p|. (D.13)
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Thus
J(0) = J0(0) +
∑
p 6=0
Jp(0) = J0(0)
−∑
n2
ln
{
(1− e−2pi |n˜2||τ | +it˜1)(1− e−2pi |n˜2||τ | −it˜1)
}
= J0(0)−
∞∑
n=1
ln
{
(1− e− 2pi|τ | (n−t˜2+i|τ |t˜1)(1− e− 2pi|τ | (n+t˜2−i|τ |t˜1))
}
− ln(1− e− 2pi|τ | (t˜2+i|τ |t˜1))−
∞∑
n=1
ln
{
(1− e− 2pi|τ | (n−t˜2+i|τ |t˜1))(1− e− 2pi|τ | (n+t˜2−i|τ |t˜1))
}
− ln(1− e− 2pi|τ | (t˜2−i|τ |t˜1) = J0(0)− ln
{ ∞∏
n=1
(1− e− 2pi|τ | (n−t¯))(1− e− 2pi|τ | (n+t¯))
}
− ln
{ ∞∏
n=1
(1− e− 2pi|τ | (n−t))(1− e− 2pi|τ | (n+t))
}
− ln
{
(1− e− 2pi|τ | t)(1− e− 2pi|τ | t¯)
}
= J0(0)− ln
{
(1− e− 2pi|τ | t)(1− e− 2pi|τ | t¯)
}
− ln
{ ∞∏
n=1
(
1− 2e− 2pi|τ |n cosh 2π|τ | t¯+ e
− 4pi
|τ |
n
)}
− ln
{ ∞∏
n=1
(
1− 2e− 2pi|τ |n cosh 2π|τ |t+ e
− 4pi
|τ |
n
)}
.
Now let us recollect the definition of the ϑ1 Jacobi’s ϑ function [19]
ϑ1(t | q) = 2q0q1/4 sin πt
∞∏
n=1
(1− 2q2n cos 2πt+ q4n),
where q0 =
∏∞
n=1(1− q2n).
In our case we will take q = e−
pi
|τ | = e−i
pi
τ . Then
J(0) = J0(0)− ln
∣∣∣∣∣ϑ1
(
i
t
|τ |
∣∣∣∣−1τ
)∣∣∣∣∣
2
+ 2 ln(2q0e
− pi
4|τ | )
+ ln
(
sinh
π
|τ |t sinh
π
|τ | t¯
)
− ln
{
(1− e− 2pi|τ | t)(1− e− 2pi|τ | t¯)
}
, (D.14)
where t = t˜2 + i|τ |t˜1. For the last term we have
ln
{
(1− e− 2pi|τ | t)(1− e− 2pi|τ | t¯)
}
= ln
{
e
− pi
|τ |
t
(e
pi
|τ |
t − e− pi|τ | t)e− pi|τ | t¯
×(e pi|τ | t¯ − e− pi|τ | t¯)
}
= ln
{
4e−
pi
|τ |
(t+t¯)
}
+ ln
{
sinh
π
|τ |t sinh
π
|τ | t¯
}
.
So
J(0) =
2π
|τ |
(
t˜22 − t˜2 +
1
6
)
− ln
∣∣∣∣ϑ1
(
i
t
τ
∣∣∣∣−1τ
)∣∣∣∣
2
+ ln q20 −
π
2|τ | − ln e
− 2pi
|τ |
t˜2 (D.15)
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and using the relation
ϑ1
(
z
|τ |
∣∣∣∣−1τ
)
= i
√
|τ |e−piz
2
|τ | ϑ1(iz | τ),
we finally get
J(0) =
2π
|τ |
(
t˜22 −
1
12
)
− ln |τ | − π|τ |(t
2 + t¯2)
− ln |ϑ1(−t|τ |)|2 + ln q20
(
1
τ
)
=
2π
|τ |
(
t¯21 −
1
12
)
− ln |ϑ1(t | τ)|2 + ln q20
(
−1
τ
)
− ln |τ |, (D.16)
where
t¯1 = |τ |t˜1 = eL2t1
2π
.
From (D.1) and (D.3) we have
ζ(0 | D0D†0) = 2
1
Γ(0)
J(0) = 0, since
1
Γ(0)
= 0 (D.17)
and
ζ ′(0 | D0D†0) = 2J(0)
=
4π
|τ |
(
t¯21 −
1
12
)
− 2 ln |ϑ1(t | τ)|2 + 2 ln q20
(
−1
τ
)
− 2 ln |τ | (D.18)
=
4π
|τ | t¯
2
1 − 2 ln |ϑ1(t | τ)η−1(τ)|2, (D.19)
where η(τ) is Dedekind’s function.
2. Nontrivial sector (k 6= 0)
In this case the spectrum of the D0D
†
0 operator: λm =
4pi|k|
|τ | n with 2|k| fold degen-
eracy and
ζ(s | D0D†0) =
2|k||τ |s
(4π|k|)s
∞∑
n=1
1
ns
=
2|k||τ |s
(4π|k|)s ζR(s), (D.20)
where ζR(s) is Riemann’s ζ function which has a pole at s = 1 with the residue 1
and
ζR(0) = −1
2
, ζ ′R(0) = −
1
2
ln 2π.
Thus
ζ(0 | D0D†0) = −|k|, r(D0D†0) =
|τ |
2π
, (D.21)
ζ ′(s | D0D†0) = 2|k|
{
−
(
ln
4π|k|
|τ |
)( |τ |
4π|k|
)s
ζR(s) +
|τ |s
(4π|k|)s ζ
′
R(s)
}
, (D.22)
ζ ′(0 | D0D†0) = −|k| ln
4π|k|
|τ | + |k| ln 2π = −|k| ln
2|k|
|τ | . (D.23)
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Appendix E. The Green’s function of the Laplacian on the Torus.
For the function G0(x) we have the following equation
− ✷G0(x) = δ(x)− 1
L1L2
, (E.1)
where δ(x) is a δ-function on the torus
δ(x) =
1
L1L2
∑
n1,n2
e
2pi
L1
(n1x1+|τ |−1n2x2). (E.2)
Let us introduce the function
G˜(x) = G0(x)− x2/4L1L2. (E.3)
Then from (E.1) it follows that
−✷G˜(x) = δ(x) (E.4)
Since the G0(x) function obeys the periodicity condition
G0(x+ νˆLν) = G0(x), (E.5)
for the G˜(x) we have
G˜(x+ νˆLν) = G0(x)− (x+ νˆLν)
2
4L1L2
= G˜(x)− xνLν
2L1L2
− L
2
ν
4L1L2
. (E.6)
For the G˜(x) function we will choose the following ansatz
G˜(x) = − 1
2π
Re ln σ(z), (E.7)
where z is defined in (1.14), and σ(z) is analytic in the box (1, τ) and has a single zero at
z = 0
σ(z) = z + · · · . (E.8)
So
G˜(x) = − 1
2π
ln |z|+ · · · , when |z| → 0. (E.9)
Taking into account the behaviour of the σ(z) function for small |z| and the periodicity
condition (E.5), we choose it in the following form
σ(z) = ceaz
2+bzϑ1(z | τ). (E.10)
Since the ϑ1(z | τ) function obeys the following periodicity conditions
ϑ1(z + 1 | τ) = −ϑ1(z | τ),
ϑ1(z + 1 | τ) = −e−ipi(2z+τ)ϑ1(z | τ),
we get the following equations for the constants a and b
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ln |σ(z + 1)| = Re(2az + a) + Re b+ ln
∣∣∣∣σ
(
z
L1
)∣∣∣∣ = π x1L2 +
π
2|τ | + ln |σ(z)|,
ln |σ(z + τ)| = Re(2aiz|τ | − a|τ |2)− Imb+ 2π x2
L1
+ π|τ |+ ln |σ(z)|
= π
x2
L1
+
π
2
|τ |+ ln |σ(z)|.
From these equations it follows that
a =
π
2|τ | , and b = 0. (E.11)
The constant c is determined from condition (E.8). Thus
σ(z) = e
piz2
2|τ |
ϑ1(z | τ)
ϑ′1(0 | τ)
(E.12)
and
G˜(x) = − 1
2π
ln
∣∣∣∣∣∣∣
e
piz2
2|τ |ϑ1(z | τ)
ϑ′1(0 | τ)
∣∣∣∣∣∣∣+ C˜, (E.13)
where the constant C˜ can be found from the condition∫ L1
0
∫ L2
0
G0(x)dx1dx2 = 0,
or we can choose the other possibility
∫ L1
0
G0(x1, 0)dx1 =
L1
4π2|τ |
∑′
n1,n2
∫ 1
0 e
2piin1x1dx1
n21 + |τ |−2n22
=
L1|τ |
4π2

 ∞∑
n2=1
1
n22
+
−1∑
n2=−∞
1
n22

 (E.14)
=
L1|τ |
2π2
∞∑
n=1
1
n2
=
L1|τ |
12
.
From (E.3) and (E.13) we have
G0(x) = − 1
2π
ln
∣∣∣∣∣ϑ1(z | τ)ϑ′1(0 | τ)
∣∣∣∣∣+ x
2
2
2L1L2
+ C˜. (E.15)
Thus from (E.14) and (E.15) we will obtain
C˜ =
1
2π
∫ 1
0
dx ln
∣∣∣∣∣ϑ1(x | τ)ϑ′1(0 | τ)
∣∣∣∣∣+ |τ |12 . (E.16)
From [19] (13.19(17)) we have
ln
∣∣∣∣∣ϑ1(x | τ)ϑ′1(0 | τ)
∣∣∣∣∣ = − ln π + ln sin πx+ 4
∞∑
m=1
q2m
1− q2m
1− cos 2πmx
2m
,
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where q = eipiτ .
Then ∫ 1
0
dx ln
∣∣∣∣∣ϑ1(x | τ)ϑ′1(0 | τ)
∣∣∣∣∣ = − ln π − ln 2− ln q20(τ), (E.17)
where q20(τ) =
∏∞
n=1(1− q2n).
So
C˜ =
|τ |
12
− 1
2π
ln(2πq20(τ)). (E.18)
Finally we get
G0(x) = − 1
2π
ln
∣∣∣∣∣ϑ1(z | τ)ϑ′1(0 | τ)
∣∣∣∣∣+ x
2
2
2L1L2
+
|τ |
12
− 1
2π
ln(2πq20(τ)). (E.19)
Appendix F. The propagator of fermions in the background toron field.
The fermion propagator St(x) in the background toron field is defined as a solution of
the equation
DtSt(x) ≡ γµ(∂µ − ietµ)St(x) = −δ(x) (F.1)
and is periodic in the Euclidean space-time
St(x1 + k1L1, x2 + k2L2) = St(x), (F.2)
where kµ(µ = 1, 2) are some integers , and is quasiperiodic in t-space
Stµ+ 2pieLµmµ
(x) = e
2pii
L1
m1x1+
2pii
L2
m2x2St(x), (F.3)
where mµ(µ = 1, 2) are some integers, too. Note that [St(x)] = [l]
−1. One can easily find
that the solution of (F.1), which obeys the conditions (F.2) and (F.3) has the following
form
St(x) = −DtGt(x) = γµS(µ)t (x), (F.4)
where
Gt(x) =
1
L1L2
∑
ni
e
2pii
L1
(n1x1+|τ |−1n2x2)(
2pi
L1
)2
[(n1 − t˜1)2 + |τ |−2(n2 − t˜2)]
. (F.5)
It can be shown (see [21]) that this function has a following representation
Gt(x) =
1
4π
∑
µν
′ e−2pi|(−
x2
L2
+ν)(µ−t˜1)||τ |
|µ− t˜1| e
2pii(µ
x1
L1
+t˜2(
x2
L2
−ν)
+
|τ |
4π2
S0
(
−t˜2,−x2
L2
, 1
)
e
2pii
x1
L1
t˜1 , if t˜1 ∈ Z (F.6)
+
1
4π2
S0
(
−t˜1,−x1
L1
,
1
2
)
, if
x2
L2
∈ Z,
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where t˜i =
eLiti
2pi
(i = 1, 2), prime in the sum means that the terms with µ = t˜1, if t˜1 ∈ Z
and ν = x2
L2
, if x2
L2
∈ Z should be omitted.
S0
(
−t˜2,−x2
L2
, 1
)
=
∑
µ
∗ e2pii
x2
L2
µ
(t˜2 − µ)2 (F.7)
S0
(
−t˜1,−x1
L1
,
1
2
)
=
∑
µ
∗| − t˜1 + µ|−1e2pii
x1
l1
µ
(F.8)
for 0 ≤ t˜1 < 1, and
S0
(
−t˜1 − x1
L1
,
1
2
)
= ln
∣∣∣∣2 sin πx1L1
∣∣∣∣2 + 1t˜1
+ t˜1
∞∑
µ=1

 e2pii
x1
L1
µ
µ(µ− t˜1) +
e
−2pii x1
L1
µ
µ(µ+ t˜1)

 (F.9)
for 0 < t˜1 < 1. Star in the sum means that if t˜2(t˜1) is an integer the term with µ = t˜2(µ =
t˜1) should be omitted.
One can prove that the S
(µ)
t (x) functions defined in (F.4) have the following short
distance behaviour
S
(µ)
t (x) =
eietµxµ
2π
(
xµ
|x|2 +Kµ(t)
)
+O(|x|), (F.10)
where
K1 = −iet1 + 1
2L1
(
ϑ′1(t¯)
ϑ1(t¯)
− ϑ
′
1(t)
ϑ1(t)
)
, (F.11)
K2 =
i
2L1
(
ϑ′1(t¯)
ϑ1(t¯)
+
ϑ′1(t)
ϑ1(t)
)
(F.12)
and t = t˜2 + i|τ |t˜1, t¯ = t˜2 − i|τ |t˜1.
It can easily be checked that the functions which obey the periodicity conditions (F.2),
(F.3) and short distance behaviour (F.10) have the following form
S
(1)
t (x) =
1
4πL1
{
eex2t+
ϑ′1(0)
ϑ1(t¯)
ϑ1(z + t¯)
ϑ1(z)
+ e−ex2t−
ϑ′1(0)
ϑ1(t)
ϑ1(t− z¯)
ϑ1(z)
}
(F.13)
S
(2)
t (x) =
1
4πiL1
{
e−ex2t−
ϑ′1(0)
ϑ1(t)
ϑ1(t− z¯)
ϑ1(z¯)
− eex2t+ ϑ
′
1(0)
ϑ1(t¯)
ϑ1(z + t¯)
ϑ1(z)
}
, (F.14)
where t± = t1 ± it2, or in the matrix form
St(x) =
eietµxµ
2πL1

 0 ϑ
′
1(0)ϑ1(z+t¯)
ϑ1(t¯)ϑ1(z)
e−ieL1t1z
−ϑ′1(0)ϑ1(z¯−t)
ϑ1(t)ϑ1(z¯)
e−ieL1t1z¯ 0

 . (F.15)
Note that St(x) becomes singular for t = 0. This singularity is caused by the constant
solution of the Dirac equation with t = 0, which represents zero modes in the trivial
sector. In the path integral it is compensated by the zero of the Boltzmann factor of the
induced toron action Ztor(t).
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Appendix G. The propagator of fermions in the external field from the
topologically nontrivial class (k 6= 0).
Fermion propagator in the background field A(k)µ
S
(k)
αβ (x, y;A) = 〈ψα(x)ψ¯β(y)〉(k)ψ (G.1)
is a solution of the equation
DS(k)(x, y;A) = −δ(2)(x− y) + P0(x, y), (G.2)
where P0(x, y) is the projector operator onto the space of the zero modes.
Using (1.7)-(1.9) the Dirac operator D can be written as follows
D = eiβ+(x)γµ∂µe
−iβ−(x) (G.3)
with
β±(x) = e{a(x) + tµxµ ± iγ5[b(x)− πkx
2
2eL1L2
]}. (G.4)
Then the propagator S(k)(x, y) can be expressed in the following form
S(k)(x, y;A) = eiβ−(x)Q(k)(x, y)e−iβ+(y) (G.5)
and Q(k)obeys the equation
γµ∂µQ
(k)(x, y) = −δ(2)(x− y) + P˜0(x, y), (G.6)
where
P˜0(x, y) = e−iβ+(x)P0(x, y)eiβ+(y). (G.7)
Further, we consider in detail only the case k > 0, because for k < 0 everything is
similar. For the trasformed projection operator we have
P˜0(x, y) =
k−1∑
n=0
χ˜(n)(x)¯˜χ
(n)
(y), (G.8)
where χ˜(n) are transformed zero modes with positive chirality.
One can introduce a new spinor η(n)(x) such that
γµ∂µη
(n)(x) = χ˜(n)(x). (G.9)
Then we define a new function
Q˜(k)(x, y) = Q(k)(x, y) +
k−1∑
n=0
η(n)(x)¯˜χ
(n)
(y) (G.10)
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and from (G.6),(G.8) and (G.9) obtain for it
γµ∂µQ˜
(k)(x, y) = −δ(2)(x− y). (G.11)
Since {D, γ5} = 0, γ5S(k)γ5 = −S(k) and γ5Q˜(k)γ5 = −Q˜(k) the matrix Q˜(k) has only
nonzero off-diagonal elements
Q˜(k) =
(
0 Q˜
(k)
12
Q˜
(k)
21 0
)
. (G.12)
In terms of complex variables z = x1+ix2
L1
and w = y1+iy2
L1
this equation can be rewritten
as follows
2L1∂zQ˜
(k)
21 (z, w) = −δ(2)(z − w), (G.13)
2L1∂z¯Q˜
(k)
12 (z, w) = −δ(2)(z − w). (G.14)
Let us consider the function Q˜
(k)
12 (z, w) (for Q˜
(k)
21 (z, w) everything can be done in the
same way). From the definition of the fermion propagator (G.1), from relations (G.5),
(G.10) and from the periodicity conditions (1.2) for Fermi fields, which in this particular
case have the form given in (1.22), the periodicity conditions on Q˜
(k)
12 (z.w) can be found
to be
Q˜
(k)
12 (z + 1, z¯ + 1;w, w¯) = e
−iet1L1+pik|τ |z+ pik2|τ | Q˜(k)12 (z, z¯;w, w¯), (G.15a)
Q˜
(k)
12 (z + τ, z¯ + τ¯ ;w, w¯) = e
−iet2L2−ipikz+pik2 |τ |Q˜(k)12 (z, z¯;w, w¯), (G.15b)
Q˜
(k)
12 (z, z¯;w + 1, w¯ + 1) = e
iet1L1−pik|τ | z− pik2|τ | Q˜(k)12 (z, z¯;w, w¯), (G.15c)
Q˜
(k)
12 (z, z¯;w + τ, w¯ + τ¯ ) = e
−iet2L2+pikw−pik2 |τ |Q˜(k)12 (z, z¯;w, w¯). (G.15d)
The general form of Q˜
(k)
12 (z, w) that satisfies (G.14) is
Q˜
(k)
12 (z, w) =
1
2πL1
ϑ′1(0)
ϑ1(z − w)q(z, w), (G.16)
where q(z, w) should be chosen to obey the periodicity conditions in (G.15) , to have no
poles for z − w and to be 1 at z = w. A solution that satisfies these conditions is
Q˜
(k)
12 (z, w) =
1
2πL1
ϑ′1(0)
ϑ1(z − w)
ϑ1(z − w + t¯)
ϑ1(t¯)
ϑ3(kz|kτ)
ϑ3(kw|kτ)
×e−ieL1t1(z−w)+ pik2|τ | (z2−w2). (G.17)
For Q˜
(k)
21 (z, w) one obtains the similar expression
Q˜
(k)
21 (z, w) = −
1
2πL1
ϑ′1(0)
ϑ1(z¯ − w¯)
ϑ1(z¯ − w¯ + t)
ϑ1(t)
ϑ3(kz¯|kτ)
ϑ3(kw¯|kτ)
×e−ieL1t1(z¯−w¯)+ pik2|τ | (z¯2−w¯2). (G.18)
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